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Definitions: Planes of Incidence and the 
Interface and the polarizations 

tŜǊǇŜƴŘƛŎǳƭŀǊ όά{έύ 
polarization sticks out  
of or into the plane of 
incidence. 

Plane of the interface (here the yz 
plane) (perpendicular to page) 

Plane of incidence 
(here the xy plane) is 
the plane that 
contains the incident 
and reflected k-
vectors. 
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tŀǊŀƭƭŜƭ όάtέύ polarization 
lies parallel to the plane 
of incidence. 

Incident medium 

Transmitting medium 
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Shorthand notation for the polarizations 

Perpendicular (S) 
polarization sticks up out  
of the plane of incidence. 

Parallel (P) polarization lies 
parallel to the plane of 
incidence. R
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Fresnel Equations 

We would like to compute the 
fraction of a light wave reflected 
and transmitted by a flat interface 
between two media with different 
refractive indices.   

Ei Er 

Et 

where E0i, E0r, and E0t are the field complex amplitudes. 

We consider the boundary conditions at the interface for the electric and 
magnetic fields of the light waves. 

²ŜΩƭƭ Řƻ ǘƘŜ ǇŜǊǇŜƴŘƛŎǳƭŀǊ ǇƻƭŀǊƛȊŀǘƛƻƴ ŦƛǊǎǘΦ 

0 0/r ir E E^=

0 0/t it E E^=

0 0/r ir E E=

0 0/t it E E=

for the 
perpendicular 
polarization 

for the 
parallel 
polarization 
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The Tangential Electric Field is Continuous 
 
In other words: 
 
The total E-field in  
the plane of the  
interface is  
continuous. 
 
Here, all E-fields are 
in the z-direction,  
which is in the plane  
of the interface (xz),  
so:      

 

           Ei(x, y = 0, z, t) + Er(x, y = 0, z, t)  =  Et(x, y = 0, z, t) 
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Interface 

Boundary Condition for the Electric 
Field at an Interface 
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The Tangential Magnetic Field* is Continuous 
 

In other words: 
 
The total B-field in  
the plane of the  
interface is  
continuous. 
 
Here, all B-fields are 
in the xy-plane, so  
we take the  
x-components:      
 
 

ïBi(x, y=0, z, t) cos(qi) + Br(x, y=0, z, t) cos(qr) = ïBt(x, y=0, z, t) cos(qt) 
 

 *It's really the tangential B/m, but we're using m = m0 

Boundary Condition for the Magnetic 
Field at an Interface 
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Reflection and Transmission for  
Perpendicularly (S) Polarized Light 

Canceling the rapidly varying parts of the light wave and keeping only the 
complex amplitudes: 

0 0 0

0 0 0

                                     

              cos( ) cos( ) cos( )

i r t

i i r r t t

E E E

B B Bq q q

+ =

- + =-

0 0 0 0( )cos( ) ( )cos( )i r i i t r i tn E E n E Eq q- =- +

0 0 0( )cos( ) cos( )i r i i t t tn E E n Eq q- =-

0 0/( / ) /   :r iB E c n nE c q q= = =But and

0 0 0 0   :t i r tE E E E+ =Substituting for using
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Reflection & Transmission Coefficients 
for Perpendicularly Polarized Light 

0 0 0 0( )cos( ) ( )cos( ) :i r i i t r i tn E E n E Eq q- =- +Rearranging yields

[ ][ ]0 0/ cos( ) cos( ) / cos( ) cos( )r i i i t t i i t tr E E n n n nq q q q^= = - +

[ ]0 0/ 2 cos( ) / cos( ) cos( )t i i i i i t tt E E n n nq q q^= = +

0 0/t iE EAnalogously, the transmission coefficient, , is

0 0/  r iE ESolving for yields the reflection coefficient :

[ ] [ ]0 0cos( ) cos( ) cos( ) cos( )r i i t t i i i t tE n n E n nq q q q+ = -
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Simpler expressions for rƍ and tƍ 

cos( )

cos( )

t t

i i

w
m

w

q

q
= =

qt 

qi wi 

wt 

ni 

nt 

Recall the magnification at an 
interface, m: 

Also let r be the ratio of the refractive indices, nt / ni. 

[ ][ ][ ][ ]cos( ) cos( ) / cos( ) cos( ) 1 / 1i i t t i i t tr n n n n m mq q q q r r^= - + = - +

[ ] [ ]2 cos( ) / cos( ) cos( ) 2 / 1i i i i t tt n n n mq q q r^= + = +

Dividing numerator and denominator of r and t by ni cos(qi): 

1

1

m
r

m

r

r
^

-
=
+

2

1
t

mr
^=

+
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Fresnel EquationsτParallel electric field 

x 

y 

z 

Note that the reflected magnetic field must point into the screen to 
ŀŎƘƛŜǾŜ                Φ  ¢ƘŜ Ȅ ƳŜŀƴǎ άƛƴǘƻ ǘƘŜ ǎŎǊŜŜƴΦέ E B k³ ´

Note that Hecht 
uses a different 
notation for the 
reflected field, 
which is 
confusing! Ours 
is better! 
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Bi Er 
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Et 

Bt 

Interface 

Beam geometry 
for light with its 
electric field 
parallel to the  
plane of incidence 
(i.e., in the page) 
 

This B-field 
points into 
the page. 
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Reflection & Transmission Coefficients 
for Parallel (P) Polarized Light 

For parallel polarized light,     B0i - B0r  =  B0t 

 

and  E0icos(qi) + E0rcos(qr)  =  E0tcos(qt) 

 
Solving for E0r / E0i yields the reflection coefficient, r || : 

 

 

Analogously, the transmission coefficient, t||  = E0t / E0i, is 

 

 

 

These equations are called the Fresnel Equations for parallel polarized light. 

[ ][ ]|| 0 0/ cos( ) cos( ) / cos( ) cos( )r i i t t i i t t ir E E n n n nq q q q= = - +

[ ]|| 0 0/ 2 cos( ) / cos( ) cos( )t i i i i t t it E E n n nq q q= = +
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Simpler expressions for rƐ and tƐ 

[ ][ ]/r m mr r= - +

[ ]2/t m r= +

Again, use the magnification, m, and the refractive-index ratio, r . 

And again dividing numerator and denominator of r and t by ni cos(qi): 

m
r

m

r

r

-
=
+

2
t

m r
=
+

[ ][ ]|| 0 0/ cos( ) cos( ) / cos( ) cos( )r i i t t i i t t ir E E n n n nq q q q= = - +

[ ]|| 0 0/ 2 cos( ) / cos( ) cos( )t i i i i t t it E E n n nq q q= = +
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Reflection Coefficients for an Air-to-Glass Interface 

   nair º 1  <  nglass º 1.5 

 
Note that: 
 
Total reflection at q = 90ϲ 
for both polarizations 
 
Zero reflection for parallel 
polarization at Brewster's 
angle (56.3ϲ for these values 
of ni and nt). 
 
ό²ŜΩƭƭ ŘŜƭŀȅ ŀ ŘŜǊƛǾŀǘƛƻƴ ƻŦ ŀ 
ŦƻǊƳǳƭŀ ŦƻǊ .ǊŜǿǎǘŜǊΩǎ ŀƴƎƭŜ 
until we do dipole emission 
and polarization.) Incidence angle, qi 
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Reflection Coefficients for a Glass-to-Air Interface 

nglass º 1.5  >  nair º 1 
 
 
Note that: 
 
Total internal reflection 
above the critical angle 
 
 qcrit  ¹  arcsin(nt /ni) 
 
(The sine in Snell's Law 
can't be > 1!): 
 

sin(qcrit) =  nt /ni 
sin(90̄ ) 

Incidence angle, qi 
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Transmittance (T) 

T  ¹  Transmitted Power / Incident Power 
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Compute the 
ratio of the 
beam areas: 

The beam expands in one dimension on refraction. 2

0 2

2
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E
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E
=

Ý The Transmittance is also 
called the Transmissivity. 

1D beam 
expansion 
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Reflectance (R) 

R  ¹  Reflected Power / Incident Power 

2R r=

r r

i i

I A

I A
=

Because the angle of incidence = the angle of reflection,  
ǘƘŜ ōŜŀƳ ŀǊŜŀ ŘƻŜǎƴΩǘ ŎƘŀƴƎŜ ƻƴ ǊŜŦƭŜŎǘƛƻƴΦ 
 
Also, n is the same for both incident and reflected beams. 
 
So: 
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The Reflectance is also 
called the Reflectivity. 
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Reflectance and Transmittance for an 
Air-to-Glass Interface 

Note that    R + T  = 1 

Perpendicular polarization 

Incidence angle, qi 
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Reflectance and Transmittance for a 
Glass-to-Air Interface 

Note that    R + T  = 1 

Perpendicular polarization 

Incidence angle, qi 
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Reflection at normal incidence 

When qi = 0, 

  

  

 

and    

  

  

 

For an air-glass interface (ni = 1 and nt = 1.5), 

  

   R = 4%  and T = 96% 

  

The values are the same, whichever direction the light travels, from air to 
glass or from glass to air. 

  

The 4% has big implications for photography lenses. 
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²ƛƴŘƻǿǎ ƭƻƻƪ ƭƛƪŜ ƳƛǊǊƻǊǎ ŀǘ ƴƛƎƘǘ όǿƘŜƴ ȅƻǳΩǊŜ ƛƴ ǘƘŜ ōǊƛƎƘǘƭȅ ƭƛǘ ǊƻƻƳύ 

One-way mirrors (used by police to interrogate bad guys) are just partial 
reflectors (actually, aluminum-coated). 

Disneyland puts ghouls next to you in the haunted house using partial 
reflectors (also aluminum-coated). 

[ŀǎŜǊǎ ǳǎŜ .ǊŜǿǎǘŜǊΩǎ ŀƴƎƭŜ ŎƻƳǇƻƴŜƴǘǎ ǘƻ ŀǾƻƛŘ ǊŜŦƭŜŎǘƛǾŜ ƭƻǎǎŜǎΥ 

tǊŀŎǘƛŎŀƭ !ǇǇƭƛŎŀǘƛƻƴǎ ƻŦ CǊŜǎƴŜƭΩǎ 9ǉǳŀǘƛƻƴǎ 

Optical fibers use total internal reflection.  Hollow fibers use high-
incidence-angle near-unity reflections. 

R = 100% 
R = 90% Laser medium 

0% reflection! 

0% reflection! 
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Phase shifts in reflection (air to glass) 

180ϲ phase 
shift 
for all 
angles 

180ϲ phase shift 
for angles below 
Brewster's angle; 
0ϲ for larger angles 
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Phase shifts in reflection (glass to air) 

0Á          30ϲ         60ϲ         90ϲ 
Incidence angle 
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Critical 
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Interesting 
phase above 
the critical 
angle 

180ϲ phase shift 
for angles below 
Brewster's angle; 
0ϲ for larger angles 
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Phase shifts vs. 

incidence angle and ni 

/nt 

Li Li, OPN, vol. 14, #9, 
pp. 24-30, Sept. 2003  

ni /nt 

ni /nt 

Note the general behavior 
above and below the 
ǾŀǊƛƻǳǎ ƛƴǘŜǊŜǎǘƛƴƎ ŀƴƎƭŜǎΧ 
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If you slowly turn up a laser intensity incident on a piece of 
glass, where does damage happen first, the front or the back? 

The obvious answer is the front of the object, which sees the higher 
intensity first. 

But constructive interference happens at the back surface between the 
incident light and the reflected wave. 
 
This yields an irradiance that is 44% higher just inside the back surface! 

2(1 0.2) 1.44+ =
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Phase shifts with coated optics 

Reflections with different magnitudes can be generated using partial 
ƳŜǘŀƭƭƛȊŀǘƛƻƴ ƻǊ ŎƻŀǘƛƴƎǎΦ  ²ŜΩƭƭ ǎŜŜ ǘƘŜǎŜ ƭŀǘŜǊΦ 

 
But the phase shifts on reflection are the same!  For near-normal 
incidence:   

          180Á if low-index-to-high  and  0 if high-index-to-low. 

 

Example: 

Laser Mirror  

Highly reflecting coating on 
this surface 

Phase shift of 180Á 
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Total Internal Reflection occurs when sin(qt) > 1, and no 
transmitted beam can occur. 

Note that the irradiance of the transmitted beam goes to zero (i.e., TIR 
occurs) as it grazes the surface. 

Total internal reflection is 100% efficient, that is, all the light is reflected. 

.ǊŜǿǎǘŜǊΩǎ ŀƴƎƭŜ 

Total Internal Reflection 
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Applications of Total Internal Reflection 

Beam steerers 

Beam steerers 
used to compress 
the path inside 
binoculars 
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Three bounces: The Corner Cube 

Corner cubes involve three reflections and also displace the return  
beam in space.  Even better, they always yield a parallel return beam: 

Iƻƭƭƻǿ ŎƻǊƴŜǊ ŎǳōŜǎ ŀǾƻƛŘ ǇǊƻǇŀƎŀǘƛƻƴ ǘƘǊƻǳƎƘ Ǝƭŀǎǎ ŀƴŘ ŘƻƴΩǘ ǳǎŜ 
TIR.  

If the beam propagates in the z direction, it emerges in the ςz direction, 
with each point in the beam (x,y) reflected to the (-x,-y) position. R
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